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METHOD OF CHARACTERISTICS FOR THREE-DIMENSIONAL
AXTALLY SYMMETRICAL SUPERSONIC FLOWS®
By R. Sauer

ABSTRACT: An upproxlimatlion method for three-dimensional
axlally symmetrical supersonic flowa isa
developed; it is based on the characteristilcs
theory (represented partly graphlcally, partly
analytically). Thereafter this method 1s
apblied to the construction of rotationally
symmetrlical nozzles,

OUTLINE: I. Introduction. _
II, Development and description of the method

1., Poteontial equation of the three-dimensional
axlally symmetrical supersonlc flow

' 2. Transformaticn of the potentlal equation
3. Differentlal ejuatlons of the velocity
components

L. Geometrical intervretation

5. Reclvrocal nets of lines ("Strecken-
zugnetze™) of the fleld of flow and of
the fleld of velocity

6. Principle of ths approximgtion method

7. Nomogram for @ and sin“a

IIT. . .Application to the construction of rotationally
symmetrical nozzles
8. Source flow in the conical nozzle
9. Comparison with the exact solution
10. Correction for parallel outflow

IV. Summary

*¥MCharakteristikenverfghren fiir rdumliche achsen-
il symmetrische tberschallstrémungen, Zentrale fiir wissen-
N schaftliches Berichtawesen uUber Luftfahrtforschung (2ZWB)
Berlin-Adlershof / Fernruf: 638211, Forschungsbericht
Nr.1269, z.Z2t.Gottingen, den 1l1;,8.19..0,
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I. INTRODUCTION

The vlane statlonary potentlal flows of compressible
gases which move in every point of the flow rleld with a’
veloclity larger than the local sound veloclty can be treated
in a simple way by using the approximate methcd of Prandtl
end Pusemann®.” The correspondirg three-dimensional
axlelly symmetrlical problem 1s cof nracticsel significsnce.
for the constructlon of rotationally symmetrical nozzles
and for the examinatlon of the flow around misslles; so
far, bhowever, 1t has been solved cnly 1n special cases or
under simplifying assumptions, The arlsl flow eround a
cone was treated independently by A. Busemann®, M. V¥,
Bourquard®, and &. I. Taylor - J, Ww. kecoll®; Th. v.
Kdrmen - XK. B. Moore® did examine the axlal flcw of
arbitrary slencer hocles cf revolutlcn, but in linearlized
anvnrorimation cnly; C. “errari® suggested in the dls-
cusslon et the Volta-congress 1925 en sonrcrination
method for the sxilal flow of bodles of revoluticn in
which Kach's curves were renlaced by varabolas,

Tte vpresent report contalne 2 generel nonlinonrizsd
aoyrorimation method for the three-dimsncional axially )
symretrical oroblem wkleh, partly by craghlcal rasre=-
sentation, partly by caleuletion, glives the flow under
nrescribed Inltisl ecndiltlicns by o ranldily converalng
process of lteration. In the examples that were calcu-
latsd sc far, the accuracy 1s wnractlcally fully sufficlent

*1. Busemann, Casdynamlk, Hendbuch der Fixperlmentalphysil
Iv, 1, s. 421/431, Lelrziz 1931, akademische
Varlagsgesellsch,

21, Busemann, Drucke auf Fegelfcormige Spltzen bel
Bewe-ung mit Ubersaschallgeschwindlgkelt. Z.Angew.
rath.u.kech.Bd.9 (1929), 5,&96/&9%. '

3M.I". Bourquard, Ondes 3alistiuve=z Plenes Oblloues et
Conlques, Com-tes Rendus Psris, Ed. 194 (1932)
s.Eib/AE,

%3,I. Taylor and J. ~. Maccoll, The Alr Prsssure on a
Cone Moving at Hich Epeeds, Preec. Roy.Soc.d, Bd. 139

(1933) s.278/311.

/

5Th.v.Kdrman snd N.B.Moore, Resistance of Slender Jcdles
¥oving wlth Supsrsonic Velocitles wlth Special Tefer-
ence to ProjJectliles, Trans,Amer.Soc.lech."ng., June 1932,
6C. Ferrari, Niscussion Comment, Volta-Jongress Rome

Reports 1936, 5.362/366.
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after one or two lteratlons, and 1s accompllshed with-
oroportionately 1ittle loss -of -time., -- - -

Mathematlcally the method, llke the apnroxlmats.
method of Prandtl and Busemann, ls based on the chearac=
terlstics theory of the hyperbolic differential equatlons.
In the plene problem, based on a Legendra-~transformation,.
the constructlon can be achleved by means of a filxed
(that is,independent of the initiaml conditions) net of
cheracteristics of the fleld of veloclty (eplcyclold .
net in the case of 1deal gases); in the three-dimensional
axlally symmetrice] problem, however, an analogous
glmplification 1s not possible., Rather, both the net-
of chersecteristics of the flow fleld ( = net of Mach's
curvesa) and the corresponding net of characteristics of
the fleld of veloclty vary with the inltlal conditlons’
of the flow.

In part II the methrod 1s developed theoreticgily
and 1tes prectlcal execution discussed generally. ' In
part III the method is applled to the construction of
rotationelly syrmetrical nozzles. No compressicn shecoks
occur; the changes of state may be es:zumed .to be 1sentrople
throughout. There wlll be a later report on appllcatlons
of the method wlth the additlon of compres=lon '‘shocks
(axisl flow of mlssiles, arlally symmetrical free outflow
with excesc pressure).

II. D=SVELOPMINT aAND DESCRIPTICH CF THI METHCD
1, Fotentlial Equatlon of the Three-pimenslcnal

axlally Symmetrical Supersonic Flow

The flow 1= assumed to be stationary, free of
friction end vortices, and moreover axlally symmetricsl
in relation to the x-axls. All changes of state are
adlebatle, the »ressure p 1s a unloue monotonlis
function bn(p) of the density p. ¥%e also sssume the
flow veloclty at every polnt to exceed the local sound-

‘veloclty. :

Because of the absence of vortlices the vector of
veloclty MD may be derived from e potential, therefore

'MD = grad ¢
(Note: MD was substituted for md in the German report.)
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Due to axlal symmetry, for an introductlion of the
eylindrical-ccordinates x, r, %, the vector MD will only
depend on x, r, but not on &%, and wlll always 1lle in
a plene through the x-axls. Consasjuently the flow 1is
the seme 1in all planes through the x-axls end needs,
therefore, to be examlned only 1in one fixed x, r =nlane.
(See fig. 1.) The velocity components u, v and the
potential function ¢ are functlons of x and r.

The equatlon of contlnulty
div (p MD) =0
1s sneclallzed, because of the axlal symmetry, to
§%-(rpu) + §§ (rpv) = 0 (2)

From thls results, after executlion of the differ-
entlatlions and division by pr,

Briurie ke =0 (22)

On the other hand, there result from Pernoullil's

equation
2 2
uc + v dn
d (;——E"'£> + Er =0 (3)

snd from the equation for the velocity of sound

2 _ 9
c 5 (L)
the relations
ou v_ 1l¢p — .1 dn _ ¢2
uﬁ+v%5_-.“.g_-a_;g§___p_g.§
(3a)
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. By ingserting (3a) into (2a), snd after introducing
@ according to (1) there results the poterntlgl "equetion

o \D ' _
SRR PR

——

This equation differs from the potential equatlon
of the plane problem only be the additlon of the last
term; naturally it 1s of hyperbollc type llke the last
mentioned equation. The last term, however, prevents
the Iegendre-transformatlon

v = 22
ér
Q=vzx +vr -0

of the differential egunatlon (5) from leading to a net
of charascterlstlcer lndevnendent of the Initilel condltlons
and flxed once and feor £l1l in the u, v - »Dlane.

2. Transformation of the Potential Equatlon

We start from Mach's net of curves covering the
fleld of flow and assume 1in each point F of that fleld
an obllique-anguler system of coordinates &, N adjusted
to Mach's net of curves. (See flg. 2.) The tangents of
Mach's curves In P s8re the sxes of the system of
coordinates esnd the positive axle directicns include with
the flow-vector MD 1In P the acute Mech angle

(5)

a = aro sin%(%(wa=v_.2+vz) (6)

The potentiasl equation (5) assumes a very simple
form when transformed to Macht'!s net of curves, that 1s,1if
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T eapep ee - o wes”

1n the first three terms on the left side of (5) the
¢lfferentintions with reaspect to » end r are replsced
by Gdifferentiations in the system of coordinates &, m
whick 13 varlable from polnt tec polnt. OCne now obtalns
the clilfferentlal equatlon

[ 23 2q d | ,
%gjt)%:.s_i_?_gs% (7,-.

un-n which further cxamlinations sre tased.

Derivetions frcm (7):

First, (5) 1s transfcrmed into s rectanguler system
of cnordlnates 7', y' 1in which the lines bilasescting tro
&,m eystem rre the axes. (3ee fig., 3.) Since (5)
after elimination of the 1sst term ls eneclallzed to the
moteantlal equsestion of the nlane flow, In the tramnsitlon
from one rectanrular system c¢f coordinetes to another
rectanrul er one th~ form of the left sldc of (5) does
rot chenre, axcent for ths 1last tern.

Therefore, fror (5) trere results immedlately
-

P Al
bgga i bqﬁa
1....5_-"_.. + .6_2_9'3%1- I 62"9 b""e"i’-p.];e.‘ﬂ.-_.g_ (8)
[ 02 oy'2 L o 02 6x9Oy' Ox' Oy! ror o -

Becavze of the colncldence of the veloclty vector MD
with the =x' arls st the voilnt P the equations

62
a?%

- W

s
x
d¢_ _
250 -0
are vallid. =quation (3}, by %autins (6) into consideration,
at the point P 1s therefore simnlifisd to

N 2en
cotg® a 2o %o =

ox12 6y'2

W=
78

(9)
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The transition from the x', y' system to the g, m
system 18 made by means of the tranaformation equations
easlly derived from figure 5

% ( = —db (x!' 8in @ -~ y' cos a)
cos & sin a

sln 2a

-z = ——L— (x' sin a + y' cos a)

n= ﬂoe a aln Z2a

and the resulting rvles of differentlation

ds = ot o SN _

x! ~ sin 2a (sin Y sin @ 61‘1) - 2cos a (5', > (10)
.1 - & (.b_

oy' ~ 8in 2a (—ccs ade veosagal = Esin “oX )

By applying (1C) twice one gets .

' o
6112 E.COSZG. ( -—% * 2 olmm
& 2 %0
29 = [e1 nzu(_:z"'%;%-a‘-'-“-)

oy'z C50M

and by incertlon of those terms (5) will become (7),
the relation to boe proved.

It should be ncted thet the general theory of the
three-dimenzional axially symmetrical superesonic flows
as well as the llnearlzed anprorimstion theory can be
hased on the potentlial equation (7). In the first case,
a and the &,r, system of coordinates are varlable from
point to voint; in the second case a constant mean value
ls inserted enc¢ the £, 1 system of coordlnates 1ls -
assumed flxed for the whole reglon consldered.

3. Differential Tquatlons of the Components of Velocity

From the votentisl equation (7) differential equations
for the vector of veloelty are derived. To thls end the
vector MD of the point P 1s spllt up into the
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components W p? Ven narallel and perpendlcular to
the ¢ axls nc iﬁto the components W, Wnpn, parallel

snd perpendicular to the T - axis, respectively, (fig. L);
naturally,

“Ep = ¥mp
Wn T Wyn

The changes of the components w pr ¥ that take

place when the point P 13 displaced while the , T
system 1s retalned are denoted by the cifferentla
guotlents

6“§p bw;?_E 6wﬂp éwnp
] » »
oL . on o AM

Then tkere results from (7)

()We: bw 2
- 2%1p _ Bin“a
‘S""Rn S v (11)

vhars v, &8 In flrure 1, s!:aivi-e the velne'ty comdcnent
parpenéicul~r tc the axis of svmmntry.

Derivation from (11):

Filrst, any two neints P', F' on the axas of the
£, 1 system of ccordlnates pertinent to the noint P
sre consicered. For the components of the velocity
vectors MD', MD" of these polnts psrallel to the
coordinate axes (flg. 5) one has

_ {0 o
m‘__p = (E?)P' cos a '-‘éﬁ)P. sin a
O

S

W“

-

i

’_-'\
q3

- bl

Lae]

=
o
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w
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and, taking (10) into consideration,

_ (oo

w""l"? = %%)Pll )

By moving the points P', P" towsrds P there results
i for the differentlal quotlents teken at P

&

38 = o

SIi§

= ¥rp
end, by differentiastlng agaln,

. 62 © bw;E bwnp
&eém ~  Om T dg

By inserting these terms, equatlon (7) changes to the
equation that had to he nroved, (11).
li. Geometrical Intersretation

In order to internret the differential ecquations (11)
in e graphlcal way, we rcplace them by the difference

equatlions
i n2
Awao = 513—5 vAT
= 12
A - sinZa A (12)
o =g ¥ &

In words, they can be described as follows: (See fig. 6.)

In order to transfer from the veloclty vector MD
cf a polnt P to the veloclty vector MD' of an sdlacent
point P' on Mach's line of the first group (E,axis),
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the vector Aw.r,D which can be csaleulated from (12) must

be added to the vector MD 1in the direction of Mach's
line of the seccnd grcup (1 axls). Moreover, another
vector Awp, 1s added perpendicular to Awp,. The
length of thls vector, however, 1s not determined by the
differential equations (12).

The analogous relstlons eve velld for the transitilon
from kD to the vector of veloclty iD" of sn adjacent
point P" on Wach's line of the second grouo (1 axis).

At a great distance (r) from the exis of symmetry the
last term % %% of the potentlial equation (5) 1s negligible.

The three-dimensional exially symmetrilical problem 1s then
speclolized to tre plane problem and the equations (12)
are replaced by the simvler equetions

Awép = A“T;p =0

They 2xvress the followlng well Imovn stato of -planc
su_erscnic flows. (See flg. 7.)

The dlfference vector ND' - MD 13 gerpendiculer to
the Mech line of the secend grouc (7m erls}! wkich goes
through #; the difference vector D" - MD is perpendicu-
lar to the ¥cch lins of the first grour (& exls).

5. Reclprocal Nets ("Streckenzugnetze") of the
Flow Fleld and the Veloclty Fleld

Here =lso, a8 iIn the method of Prandtl =snd Pusemann,
the continous net of Mech's curves wlll be replaced by a
net of discrete lines whlch wlll be called, rbbreviately,
Mach's net. Constant veloclty of flow 1s ~ssumed in each
megh cf Mach's net. Tc eack mesh of lach's net there
correspcnds, therefore, o certein ncint of the fleld of
veloclty thet 1s the end point cf the vector of velocity
MD drewn from a flxed zero ovoint 0. By this corre-
snpondence A second net of lines 1s relaeted in the fleld
of velocity to Mach's net of the fleld cf flow. (See
fig. 8,) This second net will be called the veloclty
net.
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While 1n the plane proble:x correspondling lines of
the two nets are always perpendlcular to each other, 1n
the three-dimensional axlally symmetrical case the relation
between the two nets 1s determined by the dlfference
equations (12). For every three quadrangles of Mach's
net 1,2,% having a common corner P and their corre- ;
sponding points 1,2,3 ln the fleld of veloclty there exlsts
the relation shown in figure 9 based on these equatlons,

If one draws the lines Aw and Awnp; respec-

P
tively, at the end points 1,2 o% the vectors MD;, MDp

parallel to the common sides of the gquadrangles 1,3

and 2,5, respectively, the perpendicular lines erected
i at the end polnts of these lines wlll intersect the end
‘ point 3 of the vector HD3.

In the determinative equations (12) for Aw p? Aw

; np
' the following terms will have the following meaniIngs:

; @ 1/2 of the angle of the quadrangle 3 at the corner P

r dlstance of the center of the sides M15 or M2 from
the axls of symmetry 5

MD; + MD

v component of the mean veloclty vector or

KDy + ¥Ds . 2
> rerpendlicular to the axis of symmetry

I
A = :

& 8283 a S1, S5, 33 = Intersectlons of the dlagonals
An = 3133‘1 Qf the quadrangles 1,2,3

The signs of AgE, Any and of AV ep, AW must be chosen

according to the stipulation establishgg in parsgraph 2
wlth regard to the positive direction on the & and 71
axes,

6. Principle of the Approximation Method

The problem of finding a three~dimenslional axially
symmetrical supersonic flow with -glven 1nitlal conditions
is replaced by the task of ascertaining two nets of
reclprocally related lines in the way described in
paragraph 5,
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The nets of lirnes in questicn can be constructed to
any degree of sccuracy by the following method of 1teration.

(a) Pirst approrimation (kr), (Cg).- A rough first

apnroximation 1s obteined by determIning the flow either
for the whcle field of flow or 1n linearized approzimstion
by zones., One then obtains a net of persllelograms formed
by two grouns of »erellel stralght lines as a first
approximetion of mMach's net (#y)., The first epproximetion

of the net of velocity (Gy) results from the equations (12)

with Mach's ccnstant anpgle a with the &, 1 system of
coordinates remsining conatant. For the execution 1in

detail compare zeragraph &(a)e

(b) Second s nroximntion of Msch's net (Myy).- Mach's

directions are drewn at the Intersectlons cof dlagonals

of the quadransles of Mech's net cf the first approxima-
tion (¥1). See flg., 10.; These directions result from
the vectors MD of the ccrresnonding noints of the first
asproximation of the veloeilty net (Gy). They are obtailned

by means of the subsidlary elllpse erplelned 1n paragransh 7.
The flrest anororimatlon of Mach's net 1s corrected by
Interpoletion hetween the new Mech directions, end 8 second
net of lines is ohtsined ac the second anproximetlor of
Mach's net (iry).

(c) Seeand anprcrimation of the velocity net (Gyp).-
The increwente Aw:, snd Awp, are calculated with the

ald of the equations (12). The lengths Ag, Ay and r

are taken from the second 9pvroximstion of inachk's net

(My1) sccording to peragreph 5. -o%th v ani sin2g¢ rosult
from tne first apnrorimetion for the velocity net (Gy). #hen

v_1s the comncnent of the mean vectcrs of velocity
MD]. + M-.Da MDB + MDZ

> , 5 , ete. (fig. 9) perpendicE%er toD
+
the axls cf symmetry; sin2 a of the vectors ——i———o

Moz + 2
——i—-—ygg ete, 1s determincd by means of 2 nomogram

2
accordlng to narepranh 7. Starting from the glven initial
conditiors, the secord spnrovimetlor of the veloclty net
(GII) can then be bullt v) ste> by cstey from the celculsted

lengths Awy,, Aw,.,: to any two vectors Moy, MDp the

addltionel vecter"ML3 is constructed scecording to
figure 9.
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{(d) Third and higher saporoximations.- Third
approxlmetlions may be derlved 1n the ssme way as the
second spproximations were obtdalnsd from the Pirst- )
approximations, etec. The construction 1s discontinued
as soon 28 Mach's net cf the 1lsst spproximetion conforms
to Mach's net of the followlng approximetion within the
l1imits cof accuracy of constructicn and interpolation.

The rule of construction 1s made cleer in section III
by examples of appllication which demonstrate the repild
convergence of the method. The construction ends wilth
gufficlient accuracy after & few lterations which 1lnvolve
only a moderate loss of time.

The necessary calculstions consist of multiplica-
tlons end dlvlsions only; the accuracy of an ordinary

- 8liderule 1s ampole.

7« Nomogram for a and sinZ a es é Functlon of MD

As usual, a subsidlary elllose traced out on
transperent peoer or celluloid (fig. 11) is used to
ascertein Mech's engle, under the aessumption of the
lsentrcoic equation of the 1de=l geses. OCn the scale
chosen for the velocity net the small half-arxis of the
ellipse corres,onds to tre erltical velceclty ¢ and
the lerge half-axla tc tre maximal speed Wrax} there
exlsts the lnown relaticn '

P—-
3 - kw1
/tmax = \/r 31

with k = cp/'cv (ens ¢y = specific heats at constant
pressure snd volume, respectively).

If the subsidlary ellipse is adjusted to a veloclty
vector (two soluticns) the large exis indlcates the
direction of the ope coordlnated Mech directlon; the
corresponding value of sin2 a may be read from a clrcular
scale rligldly connected to the ellipse,

The ellipse 1g used for drawing 1n the corrected
Mach directions into Mech's net accordéing to paregraph 6b
(adjustment of the vectors MDy, ¥Dp, etc. of the

velocity net); it 1s also used for definition of sin? a




)1 NACA THM in. 1133

according to paragraph 6{c) (adjustment of the vectors
M'DL; M.Dg’ MDs> + P‘-D:i' ete).

ITI. APPLICATION C¥ THE M=TFOD TO THE CCNSTRUCTION
OF ROTATICNAILY SYMMETRICAL, NCZZLES

(1) The axlally symmetrical source flow in a coniesl
nozzle,

(2) The correction of the ccnical nozzle for parallel
outflow will be treated &s examples of application.

The axlelly symmetrlcal source flow was chcsen for
the reason thet 1t can elsoc be determined by exnect
calculetion so thet hoth results can be compared.

In the case of the nozzle corrected for oarallel
cutflow the course of flow cannot be com»nared in detsll
with an eract solutlen. There 1ls, however, an effective
control sunnllied by the dlameter of the exlt cross sectlion
which cen easlly be calculated from the condition of

continulty,.

2, Source Flow in Conicel Nozzle

Thre conlcal nozzle is to have the half anfle
w = arC'mull/P; 1ts meridlan zeeti>n is shown in .
flgure 12, The cone verter 1s assumed to 1ie at the
initiel noint cf the x, r system of coordinates.

The followlng initlal conditions are prescribed:

The 1nitlal veloclty along the erc clrcling the cone
vertex which goes trrough the meridisn point A (x = hO cm,
r =5 cm) 18 given by the Mech number Mg = wgy/c, =VZ z 1Ji1;
then along thls arc there 1s 1n sddition

W
% a o
= 5%, My~ = 3% © 1,303 (c* = criticel veloctly)
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The dlrectlon of the critlcal vplocity 1s presumed to be
purely radial, thet is,coming frcm the cone verter:

(s) First aporoximation.- In a first approximation
the flow 1s determlned according to the linearized
theory that 1s under the assumption of a Mach angle
constent for the whcle reglon a = Gge

Mach's net (Mp) (fig. 12) conslsts of parallelograms
limlited bg parallel straight lines with the incllinatlon
ta, = 145 toward thé x-axls. Only helf of the
parallelograms adjacent to the initisl arec of clrcle,

the merldian 1line, or the axls of symmetry are drawn in
filgure 12.

The vector of veloclty for the meshes of the net on
the initlal src (1,2) 1s given by the 1nitial condlticns
and can be transferred lnto the veloclty net (G,) or (G1),
resnPctively. (See filp. 12.) Tre vector of vefocity for
the rest of the mesbes 1s constructed section by section
from Awer y, Aw, as a boundary condltlon, the fact has
to be cdﬁh;deréa that for the mes-es of the net adj]scent
to the contour (5,9) and to the ax's of symmetry, respec-
tively, (1,4,%,12) the direction of velocity 1s riven by
the contour and the axls of symmetry, resnectively.

Tre calculstion of 2w, and &wp, according tc (12)
1s nerformec in ammroximetlion in table 1.

In colurn 1 the numbers of the two sdjacent meshes
of Mach's nat ere plven for which A4wx, and Awyy,

respectively, are to be calculsted. The values of r
and Ar,, AZ in the second and trird column sre taken
from (¥y) according tc parsagraph 5. In the fourth

column we find values crudely estimated v(°); Awgp(o)

and Aw..(®) in the fifth column are calculeted from

these values by meaT 20f the sliderule, based on_the
n<ag sinaaa vAg

relati?ns Awé:p = — vAn = Z_ AT, A“np = -
v
2r AS

The net of velocity (Go) in figure 1% 8 constru ?d
from the rough anproximation velues Aﬂgp C} and Aw



16 MACA TM No. 1133

of colurn 5. From this net of velecity (G,) corrected
values v{(l) are inserted into the sixth column. And
corrected values Aw p(l) and Awnp(l) are calculated

from v(l) in colurn 7. These values supply the cor-
rected net of veloclty (GI) in figure 12 which will be

usec as a starting net fer the generel nonlineer
approximaetion method,

(b) Second approximation of Mach's net.- Corrected
Mack directlons are determIned from the velocity net (GI)
(fig. 12) mccording to paragraph 6(b). A subsidiary
ellipse is used. The corrected directlons are drawn 1in
the Mecck net (¥y). (See fig. 12,) By interpolation
between these corrected Mach directions there results
the second anrroximetion of Mach's net (M1y). (Ses
fig. 13.)

(c’ Second sporoximation of the veloclty net.- The
corrected velocIty net (Gy') (flg. 13, Instead of (Gp)
wlll be used for the first lteratlon in crder to accelerate
the convergence. (Gy') 1s constructed polnt by point hy
trsnsferring the dlaszonel intersecticns of the meshes of
the net (Myy) tec (F1); thre corresponding vectcrs of

veloclity ere then ascertained from (47) by Interpclatlon.

AW o, O¥p, sre calculated from (M;1) and (Gy')
according to table 2; the corrected veloclity net (GII) is

then constructed from tre lengths calculated 1n thils way.
(See fig. 13.)

(d) Third anproximstion.- Newly corrected Mach
directlons are drawn In (My7) in the next 1lteration step

according 'to (Gyr}. By interpolaticn there results the
third approximation of Mech's net (Mryy). (See fig. 1k.)
In table 3 tkhe lengths Aw,.,, Aw are calculated again,
based on (Mryry) end (Gg); hereby the third aporoximation
of the velocity net (Gyy) 1s supplied. (See fig. 1l.)

The corrected Mach directlons obtained from (Gry7)
conform so well with the net (Myyy) thet no further
iteration 1s necessary.
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FLO® IN A CCUICAL NCQZZLE

TABLE 1

e eyl by e a'v
. . .

First spproximation (linearized): compare flgure 1@_1
1 2 3 b 5 6 7 !
¥o. | 2r ﬁ% v(0) am {0) | o(1) aw (1)
1/ 1.7] 2.2 [ Cu03 | (.30 | £,0%] 0.039
2 L.91]2.5 .c% N .031
_.3 1-05 2.5 -'\:3 .Cl'.l.6' -(:'5 30,4.6 * -
2/9 | B.2f2.7| 12| 236 151 LOh9 | Formila: 4wy = - ] A
/8| 871251 1y L0ug| .15} Wb - ¥ 2r {am
2;3 ‘;;g gg 'Cfg ,.:}S ‘2 ggg Scales: r, A%, An in [rj;
I, -1-'5 -2‘7 05 '.;Dé '5‘3- . g v, 4, are referred to
/;g 2: 2:7 :\;.3 :535 :95 :035 the critical velocity as
_'Z/g 9_? 3.2 .15 051 17 L7886 a unlt renresented by a
9/10 9.§ 2.3 | J18 | .cC 19] .f5| length of 10 em.
/101 6.013.2 | 097 LS| 11| .CH9
10/11] 6.8 2.7 | .1 056 | .1 . 060 .
£&/11} 2.2 3.2 | .C2 | .02 ol .087 .
11/12f 2.3| 3,2 ] .C .29 07 .09 g

CCTIT *Oof AL VOVH

LT
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- TABLE 2
FLON IN A CONICAL WNCZZLE=
Ekcond goproximeticn; compare figure iz]

1 2 3 L 5 6
AL sinZa
No, r AT, v AWP
1/ 0.8 2.C 0.45 G.02 ¢.022
2/5 2.0 1.9 U5 .06 .025
3 é .5 2.3 .z? CE .0L6
5/ z,G 1.5 Jih .13 .022
2/6 2.9 1.5 Q. .10 . 022
6/7 3.0 2.2 i .11 .C26
5/1 1.8 1.8 o3 .08 .C29
7/¢€ 1.6 2.5 27 L8 .03
%/& .6 2.0 2l L3 .02
Q .5 2.2 .21 .02 L0168
5/10 u.g 1.3 4o .16 .C16E
10/11 L. 1.6 .32 .18 .C1
6/11 Z.9 1.l . .15 .Cl
11/12 3.2 2.% . g W17 .029
7/12 2.2 1. 28 .1 .021 -
12/13 2.5 2.8 .22 1l .03l
8/1? 1.6 2.0 | .21 .09 .C24
13/1L 1.6 2.7 .18 .09 .02
21l .6 2.5 .18 .03 .02
1,/15 5 | 3.2 1 .0 .C38
I 11/1 Lo I 1.8 | .2 .19 .02C
16/17 5.1 2.7 2 .19 .030
12/1 3.8 2.1 2 .17 . 023
17/18 |- 5.2- © 3,0 |- .20 .16 027
13/18 2. 2.2 <19 013 .20
18/19 2.Z z2,C .1 .12 .02l
i1 - 1.6 | 2.5 | LY .08 .C20
19/20 1.5 3.2 .1 .C7 .02
15/2¢ .6 2.2 .1 .02 o0
20/21 5 3.2 | .13 i .02 .01

I--\
Formula: Awp = ﬂigﬁg v 13§

Scales: as 1n table 1.
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Ehird anoroximation; compare figure 1.@

. -FLOW IN A CONICAL NCZZLE

TABLE 3

1 2 3 I 5 6
A | ain2

No, r anm siln<a v Awp
1/ 0.6 2.1 0.146 0.02 0.032
2;5 2.g 1.2 A7 .G9 .026
1/5 1. 1. A7 .06 .026
/6 1.2 2.1 A2 .06 052
/6 . 1.8 RITs) .02 .023
/g .5 2.2 «35 .01 015
3/ .6 1. A7 215 .021
2/8 3.8 1.3 A7 .12 020
e/9 3.9 1.2 L2 .13 025
AR IE AR

.7 2. L] L] .C
6/10 1.6 1.6 .?Z .c% .C22
10/11 1.5 2.2 .32 c5 o2l
7/11 .5 1.7 .52 .C1 .G17
11/12 .g 2.1 .?o o1 .C13%
Al b 1.5 g2 .12 .C15
13/1 u.g 1.9 30 .17 .025
o/1l 3,8 1.6 .38 .1l .022
s | 3.7 | 2.5 i .13 03C
10/15 2.6 1.7 .33 .10 ca2
15/16 2.5 2.1 .30 .09 .C26
11/16 1.5 1.9 3G .Ch 23
16/1'7 1.5 2.1 27 .05 .019
12/1@ .5 1.9 27 .01l ¢09
17/1 5 2.1 o2 . C2 .021
1L./19 L.9 2.3 % 17 .028
19/20 5.1 2.7. «30 W17 .027
15/2¢ 3.6 2.4 .30 .13 .026
20/21 3.9 2.7 27 012 .022
16/21 2.5 2.7 27 .CE .G25

21/22 2.9 2.1 .25 .09 .01

17/22 1.5 2.8 .25 .06 2
22/23 2.0 2.5 23 .05 .01l
18/2 5 2.3 .23 .01 .01l
23/2 1.0 3. 22 .C3 .027

Formula:i

g

Scales:

as 1n table 2.

_

19




20 NACA TM No. 1133

9. Compsrlson with the Exact Solution

The flow in a conleal nozzle wvhich was determined by
aoproximation in psregraph € 1s a three-dimensional
source flow and can also be found by exact calculatlon.
It R denotes the distance from the cone vertex there
results from the continulty equation

4 5 PW
7 (pw) + 2 7 =0

end the pw relatlon of the 1ldeal gases

- @]

(Pg» p, = static values, k = cp/cy) after a short
calculation

1
_ fw -1/2 k - 1 w 2 -2zk"1)
R=ox ()T - (—;)

with the Integration constent C., 1In our example
¢ x 30,31 em and k = 1.05 (alr) are to be used.

A comparlison of the sclutlon obtalned by our
aooroximation metrcd with the exsct snalytical solution
shows almost complete confermity within the limits cof
accuracy of construction.

In flgure 1)} the third apprcrimétion of the veloclty
net (Gryy) 1s contrasted witk the ezact veloclty net

(Gtheor )+ The lnaccuracy of the sgzproximstions (Gy),
(GII),(GI{%) can be seen 1n the following table where

the velocitles agaln are referred to the critical
velocity c¢¥%* as a unit.
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e e e e ~ TARLE ly
First Second H Third

approximation | spproximation approximation
No.l! wgy | Wtheor| NO. WGII Wiheor| YO wGIII Wiheor
16 1.28 1.8 16 [1.46] 1.4h8 19 | 1.53 |1.54
1 1.66] 1.55 1 1.52 1.25 ] 20 1.2 1.5
1 1.56 1.61 1 1.28 1.61 21 | 1. % 1.6%
19 | 1.83) 1.67 19 |1.621]1.67 22 | 1.6 1.6
20 | 1.89 1.73 20 | 1.67| 1.7 23 1.72 |1.72
21 | 1.93} 1.7 21 {1,711} 1.7 2 1.78 [1.78

It 1s especlally remarkable that the method converges
ravldly In splte of the very crude first aspproximatlon.
It 1s, therefore, not necessary to waste ruch time on
flnding the filrst spproximatlon; 1t 1s sufficient to
determline 1t by e rough estimate.

13, Correctlon cof the Conlcal Nczzle for Parallcl Outflow

The conicel nozzle 1s now corrected for »nerellel out-
flow; the veloclty of the parsllel exhaust 1s to be glven
by the Mach number M = 2,12 wlkich had been obtsined at
the axis ocint 1€ of the conical nozzle in conformity
with the third spproximation (M), (Gyyp). (See fig. 1h4.)

The corrected nczzle resnlts from adjolning a new
Mach net (M¥) tc the Mach net (Myry) of the conleal
nozzle retained unchanged uo to mesh 1§ inclusive,
(Compare figs. 15 and 16.) The net (M¥) is determined
according to our approrximation by the new boundary
condltions; these latter stipulate that in the meshes
1y - 1€ of the net (Myyr) the velocity shall remain

unchanged snd thet in the newly added meshes, denoted 18,
Fhe s?md velocity shall prevall &s in mesh lé of the net
MrI)e.

(a) The first approximation (MI*) of Mach's net

(fig. 15) 18 roughly estimated; the common sides of the
quadrangles 1l, 1?, 16, 17, 18 were prolonged rectilin-
earily from (Myry). (M%) 1s not a net of parallelograms,
The filrst approxfmation is, therefore, not linearlzed.

LRI k- - - —




22 NACA T¥ No. 1133

Based on (M;*) Awe,, Aw,., are calculated in table 5;
sina and v always s%gnd for the first of the two
meshes given in colurn 1. From Aw?n, Aw the veloclty

ret (GI*) cen be constructed. (Zes fig. 15.) For
greater clearness (GI*) 18 drawn in % rarts over one
another,

(b) (c¢c) In the same way as (MI ) and (Gyp) were
derived by iteration from (Mp) and'%GI') in paragraph £,
here the corrected nets (My1*) ahd (G ;*) (fig. 16) are
obtained from (M;™) and (Gy¥): The pertinent celoulation
of Awép, Aw,, 1s glven in table 6.

TABLE §
CORRECTION OF TPT CCKICAL MOZZIT FOR PARAILWL CUTFLOY

l;irst approximation (not linearlzed); cormpare filgure lﬂ

1 2 3 I 5 €&
Yo, T 2% sin2a v ﬁyﬁ
18/19 2.0 -Z.% {1, 00 C.20 -G.009D
17/19 1.5 2.7 .2 g .GC2n
19/2¢C 2.9 -2.2 23 ol -.007
16/2G 2.5 2.7 27 .07 022
20/21 3.0 2.7 .25 o0 -.01l
15/21 3.6 2.2 .30 .10 020
21/22 5.1 -2.H 27 .1 -.020
1l /22 .8 2.5 35 .1l .023
18/22 3,0 -2.3 .CO .00 -.00C
19/2 5.0 2,6 .23 .C .011
23 /2 ﬁ.s -2.% 2% oS3 -.503
20/2 | L.2 3.5 .2 .ot .019
2%522 2.7 -;.9 .27 .g; -.009

L . . 2 . .32
18/26 5.3 -2.& .00 <50 -.cog
23 /26 5e¢3 2.7 .23 .C3 .C05
26/27 6.6 -2.% 22 .C2 . -.002
2 /27 6.2 3, 2l .07 011

Pormula:] as 1n table 2.

Scales:J
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— . .TABLE. 6 o
CORRECTION OF THE GONICAL NOZZLE FOR PARALLEL OUTFLOW
lgecond anpreximation; compare figure JZQ-?

1 2 3 Ly 5. 6
No. r 'ﬁ% sina v Aw§'
18/19 2.0 2.1 c.2 T Q.02 -0,00l
17/19 1.6 2.7 .2 .0l . .016
19/20 2.9 ~2.2 2l .0 -.011
16/20 2.6 2.6 .2 .C8 021
20/21 3.9 -2.6 .2 .10 -.018
15,"21 3.7 2.5 .29 111 '.022
21/22 P.5 -2.7 .30 el -.C22
1%/22 19 2.l .33 o1 .02l
18/23 3.7 1 -2.2 23 .Cl -.0C1
19/2? 3.2 3.6 23 .03 .007
25/2.'. -I..-7 -2.1' .25 u05 _.c-ol"
26/2 L3 3.5 .25 T .01
2l /25 5.8 -3.0 25 .0 -,009
18/26 5,5 -2.3 .22 «Cl -,001
‘23 /26 5.1 2.8 .22 .02 .00
26/27 .6 -2,.,6 o2 .C3 -+G03
2l/27 6.2 3,7 o2 .06 ,011

gnggt?i} as 1ln table 2.

The Mach dlrections corrected according to (GII*)
conform so well with (M;*) that the iteration with (My3¥)
can be discontinued. N ' e S

The required meridian section of the nozzle cor-
rected for parsllel outflow 1s found by drawling stralght

lines in the meshes 22, 25, 2l, 27, 26 cf the net (Mry*);
these lines rvun in the directlicn of the veloclty
vectors that correspond to tliese meshes as lnferred

from (Grr™).
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For control, ths dlameter of the exhaust cross
section can be calculated exactly from the condition of
continulty. There results nearly complete agreement:

r graphically = 6.55 cm; r theoretically = 6,49 cm

In figure 17 the rotationally symmetrical nozzle
sorrgcted for parallel outflow which was found 1n flgure 16
13 contrasted with the corresponding plane nczzle, In:
both cases the flow starts under the same geometrioc
initial conditions as a source flow with M, = 2=1.51
ﬁnd gngg in a parallel outflow with the samo Mach number
d - [} [ ] "

IV. SUMMARY

The potential equatlion was tranaformed into a
systen of coordinates adjusted to Mach's net of curves
and variable from point to polnt; there resulted a
pertly graphical, partly analytical method of iteration
for determining thrse~dimensional axlally symmetrical
supersonlc flows, This method was appllied to the
examination of the flow 1n a conical nozzle and to the
correction of a conlecal nozzle for a parallel outflow,.
It will take about an hour to determine the first
approximation of the flow in the conical nozzle and 1
to 2 hours to determine all the higher approximations;
the correction of the nozzls for varallel outflow also
1s easlily accompllished in 1 to 2 Lours. The accuracy
of the approximatlion method was tested by Gomparing the
~results with the exact theoretical ones; there. resulted
wlthin the accuracy of construction nearly complete
agreement,

Translated by Mary L, Mahler
Natlional Advisory Committee
for Aeronautics
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Figure 1. Explanation of the notations.

Figure 2.;§ ,27 system of coordinatés of Mach's net of curves.
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Figure 3. Transformation of coordinates.

Figure 4. Components of velocity parallel and perpendicujar
to the§ axis and the7) axis.
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Figure 5. Differeniation of the velocity with respect to

gf and 7 .
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Figure 6. Change of the velocities along Mach's lines in the
three-dimensional problem.

Figure 7. Change of the velocities along Mach's lines in the
plane problem.
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Figure 8. Mach's net and velocity net.

: ]
Figure 9. Distribution of velocity for three adjacent meshes
: of Mach's net.
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Figure 10. Fxplanation of the construction of the second approximation
of Mach's net.
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Figure 11. Monogram for &X and sinX as a function of MD.
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4
i— 70 cm 1

Figure 13. Second approximation for source flow in conical nozzle.
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Figure 14. Third approximation for source flow in conical nozzle.
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» T

Figure 15. First approximation for correction of the conical
nozzle for parallel outflow.
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Figure 16. Second approximation for correction of the conical
nozzle for parallel ocutflow.
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Figure 17. The conical nozzle, corrected for parallel outflow,
contrasted with the corresponding plane nozzle.
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